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Numerous experimental data on the rapid solidification of binary systems exhibit the formation
of metastable solid phases with the initial (nominal) chemical composition. This fact is explained
by complete solute trapping leading to diffusionless (chemically partitionless) solidification at
a finite growth velocity of crystals. Special attention is paid to developing a model of rapid
solidification which describes a transition from chemically partitioned to diffusionless growth of
crystals. Analytical treatments lead to the condition for complete solute trapping which directly
follows from the analysis of the solute diffusion around the solid-liquid interface and atomic
attachment and detachment at the interface. The resulting equations for the flux balance at
the interface take into account two kinetic parameters: diffusion speed VDI on the interface and
diffusion speed VD in bulk phases. The model describes experimental data on nonequilibrium solute
partitioning in solidification of Si-As alloys [M.J. Aziz et al., J. Cryst. Growth 148, 172 (1995);
Acta Mater. 48, 4797 (2000)] for the whole range of solidification velocity investigated.
PACS numbers: 81.10.Aj; 05.70.Fh; 05.70.Ln; 81.30.Fb
I. INTRODUCTION
The concept of “solute trapping” has been introduced
to define the processes of solute redistribution at the in-
terface which are accompanied by (i) the increasing of
the chemical potential [1] and (ii) the deviation of the
partition coefficient for solute distribution towards unity
from its equilibrium value (independently of the sign of
the chemical potential) [2].
In experimental investigations of rapid solidification, a
complete solute trapping leading to diffusionless (chem-
ically partitionless) solidification was first observed by
Olsen and Hultgren and Duwez et al. in experiments on
rapid solidification [3]. They showed that rapidly solid-
ifying alloy systems lead to the originating of supersat-
urated solid solution with the initial (nominal) chemical
composition of the alloy. Later on, crystal microstruc-
tures with the initial chemical composition were found
by Biloni and Chalmers in rapidly solidified pre-dendritic
and dendritic patterns [4].
Backer and Cahn [1] have shown that with the finite
solidification velocity in a Cd-Zn system the coefficient of
the Cd distribution becomes equal to the unit that char-
acterizes diffusionless solidification. This fact has been
confirmed in many binary systems by Miroshnichenko
[5]. He investigated dendritic crystal microstructure af-
ter quenching from the liquid state by splat quench-
ing and melt spinning methods. The results of Mirosh-
nichenko’s microstructural analysis show that at a cool-
ing rate greater than some critical value (depending on an
alloy and experimental method this value is in the range
105−106 K/s) a core of main stems of dendrites has initial
(nominal) chemical composition of the alloy. A critical
value for undercooling in the transition to purely ther-
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mally controlled growth with a homogeneous distribution
of chemical composition in Ni-B solidifying samples pro-
cessed by an electromagnetic levitation facility has been
obtained by Eckler et al. [6]. Finally, it is necessary
to note that many eutectic systems undergo chemically
partitionless solidification with an initial composition [5]
that can be explained by the transition to diffusionless
solidification [7].
As a consequence, experimental investigations [1, 3,
4, 5, 6] show that with increasing driving force of so-
lidification solute traps are much more pronounced by
solidifying microstructure. At a finite value of the crit-
ical governing parameters (undercooling, cooling rate or
temperature gradient) complete solute trapping occurs.
Because the finite value of the governing parameter de-
fines the concrete solidification velocity, complete solute
trapping and diffusionless solidification begin to proceed
with a fixed critical growth velocity of crystals.
The main purpose of the present paper is to describe a
model for solute trapping and the transition from chem-
ically partitioned to diffusionless solidification in a bi-
nary system. Using the local nonequilibrium approach to
rapid solidification, an analysis of diffusion mass trans-
port in bulk phases together with conditions of atomic
attachment and detachment on the solid-liquid interface
is given.
The paper is organized as follows. In Sec. II, previous
investigations of solute trapping are shortly reviewed. In
Sec. III, an analysis of solute diffusion leading to pro-
nounced solute trapping and complete solute trapping is
given. The nonequilibrium solute partitioning function
for atoms on the interface is derived in Sec. IV. A com-
parison with previous models and experimental data on
solidification of binary systems is presented in Sec. V.
Finally, in Sec. VI conclusions of the work are summa-
rized.
2II. PREVIOUS INVESTIGATIONS
For the simplest case of an atomic system, let us con-
sider an isobaric and isothermal binary system (the pres-
sure P and temperature T are constant) with concentra-
tion XA and XB of atoms A and B, respectively. In this
article, we denote X as the concentration of the atoms of
B sort. For a brief overview, we summarize the equilib-
rium and nonequilibrium solute distribution on the solid-
liquid interface.
A. Equilibrium
In equilibrium, the concentration of atoms X at the
phase interface is not equal from both sides of the in-
terface due to the different solubility of atoms in phases.
During the equilibrium coexistence of phases (gas-solid,
liquid-solid, gas-liquid) the atoms are distributed along
the interface in consistency with the diagram of a phase
state. A difference in atomic concentration in phases
at the interface can be characterized by the equilibrium
coefficient ke of the atomic distribution between phases.
For equilibrium coexistence of phases (e.g., between crys-
tal and melt, vapor and crystal, crystal and liquid), the
coefficient ke can be expressed in the general form [8]
ke(XL, XS , T ) =
XeS
XeL
≡ exp
(
−
∆µ′
RT
)
. (1)
In Eq. (1), XeL and X
e
S are the mole fractions of the B
component in the liquid phase (L) or crystal (S), respec-
tively, R is the gas constant, and ∆µ′ is the difference in
chemical potentials described by
∆µ′ = ∆µ′B −∆µ
′
A, (2)
with
∆µ′B = µ
′
BS − µ
′
BL, ∆µ
′
A = µ
′
AS − µ
′
AL, (3)
where ∆µ′A and ∆µ
′
B are the driving forces for redistri-
bution of atoms A and B, respectively, which are defined
by redistribution potentials µ′A and µ
′
B for phases L and
S. The differences ∆µ′A and ∆µ
′
B , Eq. (3), define the
sign of ∆µ′ in Eq. (2). For instance, if ∆µ′ is negative
(∆µ′A > ∆µ
′
B), one has ke < 1 - the case of smaller solu-
bility of atoms B in the phase S in comparison with their
solubility in the phase L.
As a general characteristic of phase equilibria in binary
systems, expression (1), together with Eqs. (2) and (3),
is usually considered as a measure of the driving force
for atomic redistribution at the phase interface. It can
also be considered as one of the main parameters for the
construction of the diagrams of a phase state.
B. Nonequilibrium
Expressions (1)-(3) assume local equilibrium at the in-
terface, which is a useful approximation for many systems
transforming at small interface velocities. At a large driv-
ing force for the interface advancing and with increasing
of the interface velocity, the local equilibrium is not main-
tained [1]. Therefore, the condition for local interfacial
equilibrium was relaxed by taking into account a kinetic
interface undercooling and deviations from chemical equi-
librium at the alloy’s solidification front [8, 10].
A number of models [2, 9, 10, 11, 12, 13] have been pro-
posed to account for solute trapping and related phenom-
ena observed during rapid phase transformations. One of
the well-established boundary conditions for solute redis-
tribution can be taken from the continuous growth model
(CGM) applied to solute trapping by Aziz and Kaplan
[2, 13, 14]. The CGM assumes alloy solidification at a
“rough interface”; i.e, all interface sites are potential sites
for crystallization events. With a high solidification rate,
the atom can be trapped on a high-energy site of the
crystal lattice. This leads to a local nonequilibrium on
the interface and to the formation of metastable solids
(see examples in Ref. [15]). As a result, the solute parti-
tioning function at the solid-liquid interface is described
by [2, 13]
k(V ) =
ke + V/VDI
1 + V/VDI
, (4)
where VDI is the speed of diffusion at the interface and
ke is the value of the equilibrium partition coefficient
given by Eq. (1), i.e., with the negligible interface mo-
tion, V → 0. Equation (4) evaluates the ratio XS/XL
at the interface for dilute solutions of B (“solute”) in A
(“solvent”).
The interfacial diffusion speed VDI is the kinetic pa-
rameter describing the deviation from chemical equilib-
rium at the interface. It has been defined as the ratio
between the diffusion coefficient DI at the interface and
the characteristic distance λ for the diffusion jump [2, 13]:
VDI = DI/λ. The distance λ is assumed to be equal to
the width of the solid-liquid interface (few interatomic
distances) and the diffusion jumps are taken along the
direction of growth. Therefore, this definition for VDI
is corrected by results of molecular dynamic simulations
[16]. They include diffusion in all spatial directions; i.e.,
the diffusion speed is VDI = 6DI/λ, where the factor
of 6 accounts for the possibility of jumps along the six
(±x, y, z) Cartesian axes.
Outcomes following from the solute partitioning func-
tion (4) were compared in the modeling of solute trap-
ping using numerical computations based on the phase-
field theory of alloys solidification. Wheeler et al. [17]
naturally included an energy penalty for high composi-
tion gradients in the liquid that supresses the partition-
ing of solute at a rapidly moving interface and leads to
solute trapping. They also showed that the construc-
tion of common tangents to the curves of free energy (in
the spirit of Baker and Cahn [18]) has to be defined for
nonequilibrium concentrations which already depend on
the solidification velocity. In order to eliminate or re-
duce the solute trapping effect by the diffuse interface at
3small growth velocity, Karma and co-workers proposed
an ad hoc suitable antitrapping condition to the diffu-
sion flux [19]. These works [17, 19] showed that when
the solute trapping effect comes to modeling alloy so-
lidification with both phase and concentration fields, a
crucial issue arises concerning the relative magnitudes of
the gradients of the two fields within the solidification
front as well as the relative thickness of the concentra-
tion jump interface. Additionally, Conti [20] investigated
the usual one-dimensional (1D) formulation of the phase
field model without the concentration gradient correc-
tions of Wheeler et al. [17]. He resolved the governing
equations numerically for the interface temperature and
the solute concentration field as a function of the growth
velocity. The partition coefficient k(V ) is monotonically
increasing towards unity at large growth rates following
the predictions of the continuous growth model (4). How-
ever, in contrast to the results of natural experiments
[1, 3, 4, 5, 6], numeric predictions [17, 20] were not able
to reach the complete chemically partitionless (diffusion-
less) solidification at a finite solidification velocity.
One of the deficiencies of the function (4) is the diffi-
culty to describe complete solute trapping at the finite
solidification velocity: Equation (4) predicts k → 1 only
with V → ∞. Contrary to this prediction, a transition
to partitionless solidification occurs at a finite solidifica-
tion velocity as it has been shown in numerous experi-
ments [1, 3, 4, 5, 6]. Molecular dynamic simulations also
show that the transition to complete solute trapping is
observed at a finite interface velocity in rapid solidifica-
tion of a binary system [16]. Therefore, as an extension
of Eq. (4), a generalized function for solute partitioning
in the case of local nonequilibrium solute diffusion within
the approximation of a dilute system has been introduced
by Sobolev [21]. This yields
k(V ) =
(1− V 2/V 2D)ke + V/VDI
1− V 2/V 2D + V/VDI
, V < VD,
k(V ) = 1, V ≥ VD. (5)
The diffusion speed VD introduced in Eq. (5) is the char-
acteristic bulk speed. It is defined as a maximum speed
for the solute diffusion propagation or as a speed for the
front of solute diffusion profile. In particular, the speed
VD is obtained by the speed of propagation of the plane
harmonic wave away from the solid-liquid interface (see
the Appendix in Ref. [22]). As the velocity V of the
interface is comparable by magnitude to the speed VD,
the high frequency limit takes place: ωτD >> 1, where
ω is the real cyclic frequency of the plane harmonic wave
and τD is the time for relaxation of the diffusion flux to
its steady state. In this case, VD has to be considered
finite and it is defined as VD = (D/τD)
1/2, where D is
the diffusion coefficient in bulk liquid.
In the local equilibrium limit, i.e., when the bulk diffu-
sive speed is infinite, VD →∞, expression (5) reduces to
the function k(V ) which takes into account the deviation
from local equilibrium at the interface only as described
by Eq. (4). The function (5) includes the deviation from
local equilibrium at the interface (introducing interfacial
diffusion speed VDI) and in the bulk liquid (introducing
diffusive speed VD in the bulk liquid). As Eq. (5) shows,
complete solute trapping k(V ) = 1 proceeds at V = VD.
This result has been introduced by Sobolev from a postu-
lation about the zero value for the diffusion coefficient at
V ≥ VD. The next section further details that the con-
dition for complete solute trapping follows directly from
the analysis of solute diffusion flux.
III. DIFFUSION MASS TRANSPORT AND
SOLUTE TRAPPING
In 1D solidification along the z-axis, the mass balance
is given by
∂X
∂t
= −
∂J
∂z
, (6)
where t is the time and J is the diffusion flux. To consider
solute trapping in 1D local nonequilibrium solidification,
we take one of the results from a model of rapid phase
transitions [23]. Using this model, the evolution equation
for diffusion flux J along the z-axis is described by
J =M
[
∂
∂z
(
∂s
∂X
+ ε2x
∂2X
∂z2
)
− αj
∂J
∂t
]
, (7)
where s is the entropy density, εx the factor proportional
to the correlation length, andM is the diffusion mobility
of atoms. The latter is defined by
M = TD, D = D(∂(∆µ)/∂X)−1, (8)
where D is the diffusion coefficient and ∆µ is the differ-
ence of chemical potentials between solvent and solute.
From known thermodynamic expressions [24] one can ac-
cept that
∂s
∂X
= −
∆µ
T
, αj =
τD
TD
∂(∆µ)
∂X
=
τD
TD
, (9)
where τD is the time for diffusion flux relaxation to its
steady state. Then, omitting the term responsible for
atomic correlation, i.e., assuming that εx = 0, one can
get from Eq. (7) the expression
J = M
[
1
T
∂(∆µ)
∂z
−
τD
TD
∂J
∂t
]
. (10)
Using Eq. (8), the evolution equation (10) results as
follows
J = −D
∂(∆µ)
∂z
− τD
∂J
∂t
. (11)
We find the solution for the diffusion flux J which has
significance in the analysis of solute trapping. Using the
4expression for the diffusion speed, VD = (D/τD)
1/2, from
Eqs. (6) and (11) one gets
τD
∂2J
∂t2
+
∂J
∂t
= D
∂2J
∂z2
. (12)
Equation (12) is a partial differential equation of hyper-
bolic type. It describes the flux J in the so-called “hy-
perbolic evolution”, which proceeds with a sharp front of
the profile for the solute transport. It occurs due to both
the diffusive and propagative nature of the transport in
the high frequency limit ωτD >> 1 with V ∼ VD.
For a steady-state regime of interfacial motion Eq. (12)
takes the form
D
(
1−
V 2
V 2D
)
d2J
dz2
+ V
dJ
dz
= 0, (13)
which is true in a reference frame moving at constant
velocity V with the interface z = 0. A general solution
of Eq. (13) is
J(z) = c1 + c2 exp
(
−
V z
D(1− V 2/V 2D)
)
. (14)
To define a particular solution one can assume the fol-
lowing boundary conditions: the balance on the interface
is J(z = 0) = V (X∗L − X
∗
S), and the flux is limited by
the expression J(z →∞) = 0 far from the interface with
z → ∞. The latter condition gives c1 = 0 for any veloc-
ity V and one gets c2 = 0 for V ≥ VD. Also, from the
interfacial balance with z = 0 one gets c2 = V (X
∗
L−X
∗
S)
for V < VD. As a result, solution (14) transforms into
the particular solution
J(z)
= V (X∗L −X
∗
S) exp
(
−
V z
D(1− V 2/V 2D)
)
, V < VD,
J(z) = 0, V ≥ VD, (15)
where X∗L and X
∗
S are the liquid concentration and solid
concentration, respectively, on the interface.
Solution (15) gives the condition for complete solute
trapping with finite velocity V ≥ VD. This is expressed
by the expression for the solute partitioning function
k(V ) = X∗S/X
∗
L 6= 1, V < VD,
k(V ) = 1, X∗S = X
∗
L, V ≥ VD. (16)
The latter condition in Eq. (16) defines the equality of
the concentrations in the phases and leads to complete
solute trapping.
To obtain an explicit form for the solute partitioning
function (16), we analyze the balance of diffusion fluxes
on the interface. Taking again the steady state regime
of solidification constant velocity V , from the system (6)
and (11) one can obtain the equations
dJ
dz
= V
dX
dz
, J = −D
d(∆µ)
dz
+ τDV
dJ
dz
, (17)
from which we get the single equation for the diffusion
flux J . This yields
J = −D
(
∂(∆µ)
∂X
)
−1
d(∆µ)
dz
+D
V 2
V 2D
dX
dz
. (18)
The above-defined thermodynamic parameter D and the
diffusion speed VD in bulk have been taken into account.
Defining the gradient of the difference of the chemical
potentials as d(∆µ)/dz = [∂(∆µ)/∂X ]dX/dz, Eq. (18)
gives
J = −D
(
∂(∆µ)
∂X
)
−1 [
1−
V 2
V 2D
]
d(∆µ)
dz
. (19)
This equation is a general expression for the steady dif-
fusion flux into the liquid from the interface. Within
the local equilibrium limit VD → ∞ one can obtain the
known Fickian approximation which has been used pre-
viously for analysis of solute trapping [25, 26].
Analytical solutions [27] for solidification under local
nonequilibrium diffusion show that the concentration in
both phases becomes equal to the initial (nominal) con-
centration and the diffusion flux is absent for V ≥ VD. It
is also given by Eq. (15). Therefore, in addition to Eq.
(19), one can finally obtain
J = −D
(
∂(∆µ)
∂X
)
−1 [
1−
V 2
V 2D
]
d(∆µ)
dz
, V < VD,
J = 0, V ≥ VD. (20)
At the phase interface one assumes in Eq. (20), first,
that the term D((∂∆µ)/∂X)−1 is proportional to con-
centration such that
D
(
∂(∆µ)
∂X
)
−1
=
DIX
∗
L
RT
. (21)
Second, the chemical inhomogeneity (solutal segregation)
exists due to the jump of the chemical potential ∆µ
which has the interfacial gradient −d(∆µ)/dz ∼= ∆µ/W0
at a small distance W0 of the order of a few inter-
atomic distances. Third, in an approximation of ideal
(or even real) solutions, one can assume for the interfa-
cial difference of chemical potentials ∆µ = ∆µL(X) −
∆µS(X) ∼= RT (lnXeL − lnX
∗
L) − RT (lnX
e
S − lnX
∗
S) =
RT ln(X∗S/X
∗
L) − RT ln(X
e
S/X
e
L) = RT [lnk(V ) − ln ke],
where XeL and X
e
S are equilibrium concentrations on the
interface from the liquid phase and solid phase, respec-
tively, and k(V ) is the ratio of concentrations on the in-
terface defined by Eq. (16). Taking into account these
last evaluations, one can get for the chemical potential
gradient the expression
−
d(∆µ)
dz
∼=
RT
W0
ln
k(V )
ke
. (22)
Integration of the balance (17) on the interface gives
the flux
J = V (X∗L −X
∗
S). (23)
5Substituting Eqs. (21) and (22) into the expression for
diffusion flux Eq. (20) with using the balance (23) gives
the following expression for the solute partitioning func-
tion:[
1−
V 2
V 2D
]
ln
k(V )
ke
=
V
VDI
[1− k(V )], V < VD,
k(V ) ≡ X∗S/X
∗
L = 1, V ≥ VD, (24)
where VDI = DI/W0 is the speed for solute diffusion on
the interface.
Equation (24) gives the evaluation of solute trapping
effect through the solute partitioning function k(V ) de-
rived initially from the analysis of the evolution equation
(7) for the diffusion flux J . This equation takes into ac-
count finite diffusion speeds on the interface and in bulk
liquid. The introduction of these two speeds is a conse-
quence of the local nonequilibrium both on the interface
and in bulk liquid. As Eq. (24) shows, the complete so-
lute trapping k(V ) = 1 proceeds at V = VD. Equation
(24) transforms into a previously known expression for
the function k(V ) derived in Refs. [25, 26] with relaxing
local equilibrium on the interface and using local equi-
librium in bulk liquid (VD → ∞) for the diluted binary
system (X∗L << 1).
IV. SOLUTE PARTITIONING FUNCTION
We use a model of diffusion in which particles move
by diffusion jumps in random time between two phases
(states). This model was called the “two-level model of
diffusion” and it was introduced in the context of various
application, e.g., in chromatography [28] or for a longi-
tudinal solute dispersion in a tube with flowing water
(Taylor’s dispersion) [29].
Let Pi(t, z) be the probability density of a particle po-
sition in the phase i = L or in the phase i = S at the
moment t. Then local conservation of the probability
density in a point with coordinate z belonging to the
phase i is defined by
∂Pi
∂t
= −
∂Ji
∂z
. (25)
If the interface moves with a velocity comparable to the
solute diffusion speed VD in bulk phases, then the flux
Ji(t, z) of the density probability depends on the pre-
history of the diffusion process. The flux, therefore, is
defined by
Ji(t, z) = −
∫ t
−∞
Di(t− t
∗)
∂Pi(t
∗, z)
∂z
dt∗. (26)
The relaxation function Di(t− t
∗) can be chosen in the
form Di(t− t
∗) = Di(0) exp[−(t− t
∗)/τD] of exponential
decay. In such a case, Eq. (26) is reduced to the Maxwell-
Kattaneo equation
τD
∂Ji
∂t
+ Ji +Di(0)
∂Pi
∂z
= 0. (27)
It is accepted in Eq. (27) thatDi(0) is the diffusion coeffi-
cient at the final moment of relaxation prehistory so that
Di(0) = D. System (25) and (27) gives a single equation
of a hyperbolic type for the density of probability
τD
∂2Pi
∂t2
+
∂Pi
∂t
= Di
∂2Pi
∂z2
, (28)
or for the flux,
τD
∂2Ji
∂t2
+
∂Ji
∂t
= Di
∂2Ji
∂z2
. (29)
As was shown in Ref. [30], the density of probability
described by Eq. (28) gives a positive entropy production
for the particle exchange between two levels (between two
subsystems or phases).
Integration of Eq. (28) by an infinitesimal layer in-
cluding an interface leads to the balance
[
Di
∂Pi
∂z
+ τD
∂(V Pi)
∂t
+ Ji
] ∣∣∣∣
L
S
= 0. (30)
In the steady-state regime one can get the following equa-
tion for the i-th phase
Di
∂Pi
∂z
+ τD
∂(V Pi)
∂t
+ Ji = Di
dPi
dz
− τDV
2
dPi
dz
+ Ji
= Di
(
1−
V 2
V 2Di
)
dPi
dz
+ Ji, (31)
which is true in a reference frame moving with constant
velocity V and placed on the interface where the balance
(25) is described as dJi/dz = V dPi/dz. Using Eq. (31),
the balance (30) is
JL − JS
= −
[
DL
(
1−
V 2
V 2DL
)
dPL
dz
−DS
(
1−
V 2
V 2DS
)
dPS
dz
]
.
(32)
In Eq. (32) we introduce the speeds VDL and VDS
of interfacial solute diffusion from the liquid and solid
phases, respectively. They are defined by
VDL = DL/lD = νLlD, VDS = DS/lD = νSlD, (33)
where DL and DS are the diffusion coefficients in the
phases, lD scales for diffusion within which the diffusion
jumps occur in phases (or on the interface), and νL and
νS are the frequencies of diffusion jumps in phases (or
on the interface). From the theory of the transitive state
[31] one can define the frequencies of atomic jumps as
νL = ν0 exp
(
−
QD
RT
)
,
νS = ν0 exp
(
−
QD +∆µ
′
RT
)
, (34)
6where ν0 is the attempt frequency of atomic jumps of the
order of the vibrational frequency [8, 32], QD the acti-
vation barrier for atomic diffusion through the interface,
and ∆µ′ is the difference of chemical potentials defined
by Eqs. (2) and (3). Obviously, interfacial equilibrium
exists for
νS/νL = exp[−∆µ
′/(RT )] ≡ ke. (35)
From the interfacial balance (32) there follows
JL − JS = −
(
1−
V 2
V 2DL
)
d
dz
[DLPL −DS(V )PS ] , (36)
where DS(V ) is the function of the interfacial velocity V
defined by
DS(V ) = DS
1− V 2/V 2DS
1− V 2/V 2DL
=


0, VDS << VDL,
DS , VDS ≈ VDL,
DS(1− V
2/V 2DL)
−1, VDS →∞.
(37)
The function (37) describes the following cases: (a)
VDS → 0, negligible diffusion in solid (DS = 0) in com-
parison with the diffusion in liquid; (b) VDS ≈ VDL, ap-
proximate equality for diffusion speeds in the liquid and
solid around the interface; and (c) VDS → ∞, condition
of local equilibrium in the diffusion field of the solid (that
occurs with high frequency jumps of atoms in solid).
From now on, the above case (b) for approximate
equality of diffusion speeds in phases around the inter-
face is taken. First, we use the finite difference −dx = lD
in the balance (32). Second, we take into account that
the factor (1− V 2/V 2DL) is related to the bulk diffusion.
Finally, using the definition (33), the balance (32) is de-
scribed by
JL − JS =
(
1−
V 2
V 2D
)
[VDLPL − VDSPS ], (38)
where VD is the solute diffusion speed in bulk liquid
around the interface. Using Eqs. (33)-(35), this balance
can be rewritten as
JL − JS = VDL
(
1−
V 2
V 2D
)
[PL − kePS ]. (39)
For the concentrated binary system the probabilities
PL and PS in Eq. (39) are directly proportional to the
atomic concentrations in phases. This leads to
PL = XS(1−XL)/Ω, PS = XL(1−XS)/Ω, (40)
where Ω is the atomic volume. Therefore, Eq. (39) can
be rewritten as
JL − JS =
(
1−
V 2
V 2D
)
×[XS(1 −XL)− keXL(1 −XS)]
VDL
Ω
. (41)
We further use the already obtained result (20) according
to which the diffusion flux is absent at V ≥ VD. Then,
the difference (41) of fluxes on the interface takes the
form
JL − JS =
(
1−
V 2
V 2D
)
×[XS(1−XL)− keXL(1−XS)]
VDL
Ω
, V < VD,
JL = JS , V ≥ VD. (42)
The net flux (42) must be equal to the diffusion flux
JD = (XL −XS)
V
Ω
. (43)
From the equality of Eqs. (42) and (43) one gets
(XL −XS)
V
VDI
=
(
1−
V 2
V 2D
)
×[XS(1−XL)− keXL(1−XS)], V < VD,
XL = XS , V ≥ VD, (44)
in which VDI = VDL is the diffusion speed on the inter-
face from the liquid phase. Equation (44) can be eas-
ily resolved regarding the function k(V ) = XS/XL of
nonequilibrium solute partitioning. This yields
k(V,X∗L)
=
(1− V 2/V 2D)ke + V/VDI
(1− V 2/V 2D)[1− (1− ke)X
∗
L] + V/VDI
, V < VD,
k(V,X∗L = X0) = 1, V ≥ VD, (45)
where X∗L is the solute concentration in the liquid at the
interface.
V. DISCUSSION AND COMPARISON WITH
EXPERIMENTAL DATA
Expression (45) gives the general functional depen-
dence of solute partitioning at the phase interface for
concentrated binary systems, and with application to
rapid solidification, it exhibits the two known limits. In
the first limit, when solidification proceeds with local
nonequilibrium at the interface only, i.e., with VD →∞,
Eq. (45) leads to the solute partitioning function of Aziz
and Kaplan [2]. In the second limit, as the concentration
X∗L of the second dissolved component becomes small,
i.e., the term (1− ke)X
∗
L might be negligible in compar-
ison with the unity, Eq. (45) transforms into Eq. (5) as
suggested by Sobolev [21].
7FIG. 1: Predictions of the model given by Eq. (47). Con-
stants of the binary system are equilibrium partition coeffi-
cient ke = 0.1, bulk diffusion speed VD = 25 (m/s), and in-
terface diffusion speed VDI = 20 (m/s). The curves present:
diluted system, (1−ke)X0 << 1 (dotted line); slightly concen-
trated system, X0 = 0.10 (dashed line); concentrated system
X0 = 0.25, (dash-dotted line); and equiconcentrated system,
X0 = 0.50 (solid line).
From the analytical solution of the problem of rapid
solidification under the steady-state regime [27], the con-
centration at the planar interface is given by
X∗L =
X0
k(V )
, V < VD,
X∗L = X0, V ≥ VD, (46)
where X0 is the nominal (initial) concentration of the
solute in the system. In accordance with the solutions
obtained in Refs. [27], a source of concentration pertur-
bations, i.e., the solid-liquid interface, moving at a ve-
locity V equal to or higher than the maximum speed VD
of these perturbations, cannot change the concentration
or create the concentration profile ahead of itself. As
a result for the interface, one obtains in Eq. (46) that
XL = XS = X0 with V ≥ VD. Then the substitution of
Eq. (46) into Eq. (45) leads to the following expression
for nonequilibrium solute partitioning function:
k(V,X0)
=
(1− V 2/V 2D)[ke + (1− ke)X0] + V/VDI
1− V 2/V 2D + V/VDI
, V < VD,
k(V,X0) = 1, V ≥ VD. (47)
Figure 1 demonstrates the behavior of solute partition-
ing, Eq. (47), as a function of the interface velocity at
FIG. 2: Nonequilibrium solute partitioning function k(V,X0)
given by the various models. Constants of the binary system
are nominal concentration of a solute X0 = 0.05 mole frac-
tion, equilibrium partition coefficient ke = 0.22, bulk diffusion
speed VD = 19 (m/s), and interface diffusion speed VDI = 16
(m/s). The dotted line is given by the model of Aziz [13] for
the diluted system (1− ke)X0 << 1, the dashed line is given
by the model of Aziz and Kaplan [2], the dash-dotted line is
given by the model of Sobolev [21] for diluted system, and the
solid line is predicted by the present model given by Eq. (47).
various nominal solute concentrations. As the system
deviates from a diluted one, the trapping of a solute be-
comes much more pronounced. Also, Eq. (47) shows that,
independently from the solute concentration within the
system, the complete solute trapping k(V,X0) = 1 pro-
ceeds when the interface velocity becomes equal to or
greater than the diffusion speed, i.e., with V ≥ VD. The
condition of equality of concentrations in the liquid and
solid [see Eqs. (44) and (45)] means that the lines of the
nonequilibrium kinetic liquidus and solidus in the kinetic
phase diagram are merging. It can also be considered as
the characteristics of diffusionless processes.
As a general outcome, Eq. (47) includes the follow-
ing important cases for nonequilibrium phase transfor-
mations: (i) the dilute limit described by Aziz’s model
[13], Eq. (4),
(1− ke)X0 << 1, and VD →∞,
(ii) the dilute limit described by Sobolev’s solute parti-
tioning function, Eq. (5),
(1− ke)X0 << 1, and with the finite VD,
(iii) the concentrated system described by Aziz and Ka-
plan’s model, Ref. [2],
VD →∞, for arbitrary concentration X0.
8FIG. 3: Solute partitioning versus interface velocity for exper-
imental data [33, 34] on solidification of Si-As alloys. Curves
1′ and 2′ are given by Eq. (47) with VD → ∞ for 4.5 at.%
and 9.0 at.% of As in Si, respectively (that gives the model of
Azis and Kaplan [2]). They describe experiment at small and
moderate solidification velocities. Curves 1 and 2 are given by
(47) with the finite speed VD for 4.5 at.% and 9.0 at.% of As
in Si, respectively. These show ability to describe experiment
in a whole region of investigated solidification velocities for
both alloys. Data for calculations are given in Table I.
In comparison with the present model’s prediction de-
scribed by Eq. (47) these limits are plotted in Fig. 2.
Figure 3 exhibits theoretical predictions for solute par-
titioning in comparison with experimental data on the
solidification of Si-As alloys. Introducing the deviation
from equilibrium at both the interface and bulk liquid al-
lows one to describe the whole set of experimental data.
Particularly, the complete solute trapping is predicted by
Eq. (47) for Si-4.5 at.%As with VD = 2.5 m/s and for
Si-9.0 at.%As with VD = 2.1 m/s (Table I). This pro-
vides a much better agreement with experiments than
that shown by the Aziz-Kaplan model.
As can be seen in Fig. 3, predictions of the model of
Azis and Kaplan [Eq. (47) with VD →∞] disagree with
experimental data in the region 1.7 < V (m/s)< 2.2 of
solidification velocities. One may note that at the same
solidification velocity, i.e., below about V = 2 (m/s), the
”interface temperature - velocity” relationship also ex-
hibits a clear deviation from experimental data (see Fig.
11 in Ref. [34]). One may also attribute this deviation
to the increasing influence of local nonequilibrium solute
diffusion around the interface and intensive solute trap-
ping. Thermodynamic analysis and numeric evaluations
confirm the idea about the pronounced influence of local
equilibrium in bulk liquid on solute trapping and ”inter-
face temperature - velocity” relationship at high solid-
ification velocity [22, 35]. This example confirms that
local nonequilibrium in the solute diffusion field is re-
sponsible for nonequilibrium effects appearing in rapid
solidification (such as solute trapping and solute drag)
and essential influence on the interface response func-
tions (temperature, concentration, velocity) [35]. Thus,
the agreement between Eq. (47) and experimental data
demonstrates the pronounced effect of deviation from lo-
cal equilibrium in bulk liquid on solute trapping at higher
solidification velocity.
Summarizing the behavior for solute partitioning
shown in Figs. 1-3, one can conclude that during rapid
solidification the consequences of deviations from local
chemical equilibrium are threefold. First, the partition
coefficient becomes dependent on the growth velocity.
Second, the liquidus and solidus lines approach each
other. For these two cases it can be enough to introduce
into the theory deviation from local equilibrium at the
interface only. Third, in the extreme case (if the solid-
ification velocity is equal to or greater than the atomic
diffusive speed in bulk liquid) the partition coefficient
k(V ) becomes unity and the liquidus and solidus lines
coincide. This leads to a solid being far from chemical
equilibrium upon diffusionless solidification. Such three
conditions are of special importance in the preparation
of metastable supersaturated solutions [15].
VI. CONCLUSIONS
Solute trapping in rapid solidification of a binary al-
loy’s system has been considered. It has been shown that
the condition for complete solute trapping leading to dif-
fusionless solidification follows directly from the solution
for the diffusion task. This task assumes both the low-
frequency regime (purely diffusion) and high-frequency
regime (diffusion and propagative regime) of atomic mo-
tion in a phenomenological statement.
The two-level model has been used to define the solute
partitioning function. This model has been used previ-
ously (e.g., in chromatography and for investigation of
longitudinal solute dispersion), and it has been formally
reduced to expressions for an extended version of the con-
tinuous growth model. The extended version adopts two
kinetic parameters: solute diffusion speed VDI on the in-
terface and solute diffusion speed VD in bulk liquid.
A condition of complete solute trapping at the finite so-
lidification velocity equal to the diffusion speed, V = VD,
has been found. This fact is expressed by the general ex-
pression (16) for the solute partitioning function. This
condition defines the equality of the concentration in the
phases and describes complete solute trapping. Analysis
leads to concrete forms for the solute partitioning func-
tion. The first function is given by Eq. (24) and the
second function for solute partitioning is described by
Eq. (45). Both these functions predict a sharp finishing
of solute trapping and the onset of diffusionless crystal
growth at the solidification velocity V equal to the solute
diffusion speed VD in bulk liquid. A concrete expression
for the liquid concentration X∗L at the interface allows us
to give predictions comparable with experimental data.
9TABLE I: Interface diffusion speed VDI and bulk diffusion speed VD for binary systems used in the calculations of the partitioning
function k(V,X0) at the solid-liquid planar interface. Equilibrium partition coefficient is taken as ke=0.3 from Refs. [33, 34].
Model Binary system VDI (m/s) VD (m/s) Reference
Aziz and Kaplan’s model, Ref. [2] Si - 4.5 at.% As 0.46 – [33]
0.37 – [34]
Aziz and Kaplan’s model, Ref. [2] Si - 9 at.% As 0.46 – [33]
0.37 – [34]
Sobolev’s solute partitioning function, Eq. (5) Si - 4.5 at.% As 0.75 2.7 [21]
and Si - 9 at.% As
Present model, Eq. (47) Si - 4.5 at.% As 0.8 2.5 current data
Si - 9 at.% As 0.8 2.1 [22]
The model predicts the complete behavior for the so-
lute partitioning function dependent on the solidification
velocity and alloy concentration. In comparison with the
experimental data of Aziz et al. on solidification of Si-
As alloys [M.J. Aziz et al., J. Cryst. Growth 148, 172
(1995); Acta Mater. 48, 4797 (2000)], the model well
predicts deviation of the solute partitioning from equilib-
rium and complete solute trapping (Fig. 3). The tran-
sition from chemically partition growth to diffusionless
growth at V = VD occurs sharply. As has been shown
for dendritic growth [36] such a sharp transition leads
to an abrupt exchange of growth kinetics in consistency
with experimental data.
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Solute trapping and diffusionless solidification in a binary system
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Numerous experimental data on the rapid solidification of binary systems exhibit the formation
of metastable solid phases with the initial (nominal) chemical composition. This fact is explained
by complete solute trapping leading to diffusionless (chemically partitionless) solidification at
a finite growth velocity of crystals. Special attention is paid to developing a model of rapid
solidification which describes a transition from chemically partitioned to diffusionless growth of
crystals. Analytical treatments lead to the condition for complete solute trapping which directly
follows from the analysis of the solute diffusion around the solid-liquid interface and atomic
attachment and detachment at the interface. The resulting equations for the flux balance at
the interface take into account two kinetic parameters: diffusion speed VDI on the interface and
diffusion speed VD in bulk phases. The model describes experimental data on nonequilibrium solute
partitioning in solidification of Si-As alloys [M.J. Aziz et al., J. Cryst. Growth 148, 172 (1995);
Acta Mater. 48, 4797 (2000) 1995-2000] for the whole range of solidification velocity investigated.
PACS numbers: 05.70.Fh; 05.70.Ln; 66.30.Jt; 81.10.Aj; 81.30.Fb
I. INTRODUCTION
A concept of “solute trapping” has been introduced
to define the processes of solute redistribution at the in-
terface which are accompanied by (i) the increasing of
chemical potential [1], and (ii) the deviation of the parti-
tion coefficient for solute distribution towards unity from
its equilibrium value (independently of the sign of the
chemical potential) [2].
In experimental investigations of rapid solidification, a
complete solute trapping leading to diffusionless (chem-
ically partitionless) solidification has been first observed
by Hultgren et al. and Duwez et al. in experiments on
rapid solidification [3]. They showed that rapidly solid-
ifying alloy systems lead to the originating of supersat-
urated solid solution with the initial (nominal) chemical
composition of the alloy. Later on, crystal microstruc-
tures with the initial chemical composition were found
by Chalmers et al. in rapidly solidified pre-dendritic and
dendritic patterns [4].
Backer and Cahn [1] have shown that with the finite
solidification velocity in a Cd-Zn system the coefficient
of Cd distribution becomes equal to the unit that char-
acterizes diffusionless solidification. This fact has been
confirmed in many binary systems by Miroshnichenko
[5]. He investigated dendritic crystal microstructure after
quenching from the liquid state by splat quenching and
melt spinning methods. Results of Miroshnichenko’s mi-
crostructural analysis show that at a cooling rate greater
than some critical value (depending on an alloy and ex-
perimental method this value is in the range 105 − 106
K/s) a core of main stems of dendrites has initial (nom-
inal) chemical composition of the alloy. A critical value
for undercooling in the transition to purely thermally-
∗e-mail: Peter.Galenko@dlr.de
controlled growth with a homogeneous distribution of
chemical composition in Ni-B solidifying samples pro-
cessed by electromagnetic levitation facility has been ob-
tained by Eckler et al. [6]. Finally, it is necessary to note
that many eutectic systems undergo chemically partition-
less solidification with the initial composition [5] that can
be explained by the transition to diffusionless solidifica-
tion [7].
As a consequence, experimental investigations [1, 3, 4,
5, 6] show that with increasing driving force of solidifi-
cation solute traps much more pronounced by solidifying
microstructure. At the finite value of critical governing
parameters (undercooling, cooling rate or temperature
gradient) complete solute trapping occurs. Because the
finite value of the governing parameter defines the con-
crete solidification velocity, complete solute trapping and
diffusionless solidification begin to proceed with the fixed
critical growth velocity of crystals.
The main purpose of the present paper is to describe a
model for solute trapping and transition from chemically
partitioned to diffusionless solidification in a binary sys-
tem. Using the local non-equilibrium approach to rapid
solidification, the analysis of diffusion mass transport in
bulk phases together with conditions of atomic attach-
ment/detachment on the solid-liquid interface is given.
The paper is organized as follows. In Sec. II, previous
investigations on solute trapping are shortly overviewed.
In Sec. III, the analysis of solute diffusion leading to pro-
nounced solute trapping and complete solute trapping is
given. The non-equilibrium solute partitioning function
for atoms on the interface is derived in Sec. IV. A com-
parison with previous models and experimental data on
solidification of binary systems is presented in Sec. V.
Finally, in Sec. VI conclusions of the work are summa-
rized.
2II. PREVIOUS INVESTIGATIONS
For the simplest case of atomic system, let us consider
an isobaric and isothermal binary system (the pressure
P and temperature T are constant) with concentration
XA and XB of atoms A and B, respectively. In this arti-
cle, we denote X as the concentration of the atoms of B
sort. For brief overview, we summarize equilibrium and
non-equilibrium solute distribution on the solid-liquid in-
terface.
A. Equilibrium
In equilibrium, the concentration of atoms X at the
phase interface is not equal from both sides of the in-
terface due to different solubility of atoms in phases.
During the equilibrium co-existence of phases (gas-solid,
liquid-solid, gas-liquid) the atoms are distributed along
the interface in consistency with the diagram of a phase
state. A difference in atomic concentration in phases at
the interface can be characterized by the equilibrium co-
efficient ke of atomic distribution between phases. For
equilibrium co-existence of phases (e.g., between crystal
and melt, vapor and crystal, crystal and liquid), the co-
efficient ke can be expressed in the following general form
[8]
ke(XL, XS , T ) =
XeS
XeL
≡ exp
(
−
∆µ′
RT
)
. (1)
In Eq. (1), XeL and X
e
S are the mole fractions of the B
component in the liquid phase (L), or crystal (S), respec-
tively, R is the gas constant, and ∆µ′ is the difference in
chemical potentials described by
∆µ′ = ∆µ′B −∆µ
′
A, (2)
with
∆µ′B = µ
′
BS − µ
′
BL, ∆µ
′
A = µ
′
AS − µ
′
AL, (3)
where ∆µ′A and ∆µ
′
B are the driving forces for redistri-
bution of atoms A and B, respectively, which are defined
by redistribution potentials µ′A and µ
′
B for phases L and
S. The differences ∆µ′A and ∆µ
′
B , Eq. (3), define the
sign of ∆µ′ in Eq. (2). For instance, if ∆µ′ is negative
(∆µ′A > ∆µ
′
B), one has ke < 1 - the case of smaller solu-
bility of atoms B in the phase S in comparison with their
solubility in the phase L.
As a general characteristic of phase equilibria in binary
systems, expression (1), together with Eqs. (2) and (3),
is usually considered as a measure of the driving force
for atomic redistribution at the phase interface. It can
also be considered as one of the main parameters for con-
struction of diagrams of a phase state.
B. Non-equilibrium
Expressions (1)-(3) assume local equilibrium at the in-
terface, which is a useful approximation for many systems
transforming at small interface velocities. At a large driv-
ing force for the interface advancing and with increasing
of the interface velocity, the local equilibrium is not main-
tained [1]. Therefore, the condition for local interfacial
equilibrium was relaxed by taking into account a kinetic
interface undercooling and deviations from chemical equi-
librium at the alloy’s solidification front [8, 10].
A number of models [2, 9, 10, 11, 12, 13] have been pro-
posed to account for solute trapping and related phenom-
ena observed during rapid phase transformations. One of
the well-established boundary conditions for solute redis-
tribution can be taken from the continuous growth model
(CGM) applied to solute trapping by Aziz and Kaplan
[2, 13, 14]. The CGM assumes alloy solidification at a
“rough interface”, i.e all interface sites are potential sites
for crystallization events. With a high solidification rate,
the atom can be trapped on a high energy site of the
crystal lattice. This leads to a local non-equilibrium on
the interface and to the formation of metastable solids
(see examples in Ref. [15]). As a result, the solute parti-
tioning function at the solid-liquid interface is described
by [2, 13]
k(V ) =
ke + V/VDI
1 + V/VDI
, (4)
where VDI is the speed of diffusion at the interface, and ke
is the value of the equilibrium partition coefficient given
by Eq. (1), i.e. with the negligible interface motion, V →
0. Eq. (4) evaluates the ratio XS/XL at the interface for
dilute solutions of B (“solute”) in A (“solvent”).
The interfacial diffusion speed, VDI , is the kinetic pa-
rameter describing deviation from chemical equilibrium
at the interface. It has been defined as a ratio between
the diffusion coefficient, DI , at the interface and the
characteristic distance, λ, for the diffusion jump [2, 13]:
VDI = DI/λ. The distance, λ, is assumed to be equal
to the width of the solid-liquid interface (few interatomic
distances) and the diffusion jumps are taken along the
direction of growth. Therefore, this definition for VDI
is corrected by results of molecular dynamic simulations
[16]. They include diffusion in all spatial directions, i.e.,
the diffusion speed is VDI = 6DI/λ, where the factor
6 accounts for the possibility of jumps along the six
(±x, y, z) Cartesian axes.
Outcomes following from the solute partitioning func-
tion (4) were compared in modeling of solute trapping us-
ing numerical computations based on the phase-field the-
ory of alloy’s solidification. Wheeler et al. [17] naturally
included an energy penalty for high composition gradi-
ents in the liquid that supresses the partitioning of solute
at a rapidly moving interface and leads to solute trap-
ping. They also showed that the construction of common
tangent to curves of free energy (in a spirit of Baker and
3Cahn [18]) has to be defined for non-equilibrium concen-
trations which already depend on solidification velocity.
In order to eliminate or reduce the solute trapping effect
by the diffuse interface at small growth velocity, Karma et
al. proposed an ad hoc suitable antitrapping condition to
the diffusion flux [19]. These works [17, 19] showed that
when the solute trapping effect comes to modeling alloy
solidification with both phase and concentration fields,
a crucial issue arises concerning the relative magnitudes
of the gradients of the two fields within the solidification
front as well as the relative thickness of the concentration
jump interface. Additionally, Conti [20] investigated 1D
usual formulation of the phase field model without con-
centration gradient corrections of Wheeler et al. [17]. He
resolved the governing equations numerically for the in-
terface temperature and the solute concentration field as
a function of the growth velocity. The partition coeffi-
cient k(V ) is monotonically increasing towards unity at
large growth rates following the predictions of the con-
tinuous growth model (4). However, in contrast to the
results of natural experiments [1, 3, 4, 5, 6], the numeric
predictions [17, 20] were not able to reach the complete
chemically partitionless (diffusionless) solidification at a
finite solidification velocity.
One of the deficiencies of the function (4) is the diffi-
culty to describe complete solute trapping at the finite
solidification velocity: Eq. (4) predicts k → 1 only with
V → ∞. Contrary to this prediction, a transition to
partitionless solidification occurs at a finite solidification
velocity as it has been shown in numerous experiments
[1, 3, 4, 5, 6]. Molecular dynamic simulations also show
that the transition to complete solute trapping is ob-
served at a finite interface velocity in rapid solidification
of a binary system [16]. Therefore, as an extension of
Eq. (4), a generalized function for solute partitioning in
the case of local non-equilibrium solute diffusion within
the approximation of a dilute system has been introduced
by Sobolev [21]. This yields
k(V ) =
(1− V 2/V 2D)ke + V/VDI
1− V 2/V 2D + V/VDI
, V < VD,
k(V ) = 1, V ≥ VD. (5)
The diffusion speed, VD, introduced into Eq. (5) is the
characteristic bulk speed. It is defined as a maximum
speed for solute diffusion propagation or as a speed for
the front of solute diffusion profile. In particular, the
speed, VD, is obtained by the speed of propagation of the
plane harmonic wave away from the solid-liquid interface
(see Appendix in Ref. [22]). As the velocity, V , of the
interface is comparable by magnitude to the speed, VD,
the high frequency limit takes place: ωτD >> 1, where
ω is the real cyclic frequency of the plane harmonic wave
and τD is the time for relaxation of the diffusion flux to
its steady state. In this case, VD has to be considered
finite and it is defined as VD = (D/τD)
1/2, where D is
the diffusion coefficient in bulk liquid.
In the local equilibrium limit, i.e. when the bulk diffu-
sive speed is infinite, VD →∞, expression (5) reduces to
the function k(V ) that takes into account the deviation
from local equilibrium at the interface only as described
by Eq. (4). The function (5) includes the deviation from
local equilibrium at the interface (introducing interfacial
diffusion speed VDI) and in the bulk liquid (introduc-
ing diffusive speed VD in the bulk liquid). As Eq. (5)
shows, the complete solute trapping, k(V ) = 1, proceeds
at V = VD. This result has been introduced by Sobolev
from a postulation about the zero value for the diffusion
coefficient at V ≥ VD. The next section further details
that the condition for complete solute trapping follows
directly from the analysis of solute diffusion flux.
III. DIFFUSION MASS TRANSPORT AND
SOLUTE TRAPPING
In 1D solidification along the z-axis, the mass balance
is given by
∂X
∂t
= −
∂J
∂z
, (6)
where t is the time and J is the diffusion flux. To consider
solute trapping in 1D local non-equilibrium solidification,
we take one of the results from a model of rapid phase
transitions [23]. Using this model, the evolution equation
for diffusion flux J along the z-axis is described by
J =M
[
∂
∂z
(
∂s
∂X
+ ε2x
∂2X
∂z2
)
− αj
∂J
∂t
]
, (7)
where s is the entropy density, εx the factor proportional
to the correlation length, andM is the diffusion mobility
of atoms. The latter is defined by
M = TD, D = D(∂(∆µ)/∂X)−1, (8)
where D is the diffusion coefficient and ∆µ is the differ-
ence of chemical potentials between solvent and solute.
From known thermodynamic expressions [24] one can ac-
cept that
∂s
∂X
= −
∆µ
T
, αj =
τD
TD
∂(∆µ)
∂X
=
τD
TD
, (9)
where τD is the time for diffusion flux relaxation to its
steady state. Then, omitting the term responsible for
atomic correlation, i.e. assuming that εx = 0, one can
get from Eq. (7) the following expression
J = M
[
1
T
∂(∆µ)
∂z
−
τD
TD
∂J
∂t
]
. (10)
Using Eq. (8), the evolution equation (10) results as
follows
J = −D
∂(∆µ)
∂z
− τD
∂J
∂t
. (11)
4We find the solution for the diffusion flux J which has
significance in analysis of solute trapping. Using the ex-
pression for the diffusion speed, VD = (D/τD)
1/2, from
equations (6) and (11) one gets
τD
∂2J
∂t2
+
∂J
∂t
= D
∂2J
∂z2
. (12)
Eq. (12) is a partial differential equation of a hyperbolic
type. It describes the flux J in the so-called “hyperbolic
evolution”, which proceeds with the sharp front of profile
for the solute transport. It occurs due to both diffusive
and propagative nature of the transport in the high fre-
quency limit ωτD >> 1 with V ∼ VD.
For a steady-state regime of interfacial motion Eq. (12)
takes the following form
D
(
1−
V 2
V 2D
)
d2J
dz2
+ V
dJ
dz
= 0, (13)
which is true in a reference frame moving at constant
velocity V with the interface z = 0. A general solution
of Eq. (13) is
J(z) = c1 + c2 exp
(
−
V z
D(1− V 2/V 2D)
)
. (14)
To define a particular solution one can assume the fol-
lowing boundary conditions: balance on the interface is
J(z = 0) = V (X∗L −X
∗
S), and the flux is limited by the
expression J(z → ∞) = 0 far from the interface with
z → ∞. The latter condition gives c1 = 0 for any veloc-
ity V and one gets c2 = 0 for V ≥ VD. Also, from the
interfacial balance with z = 0 one gets c2 = V (X
∗
L−X
∗
S)
for V < VD. As a result, solution (14) transforms into
the following particular solution
J(z)
= V (X∗L −X
∗
S) exp
(
−
V z
D(1− V 2/V 2D)
)
, V < VD,
J(z) = 0, V ≥ VD, (15)
where X∗L and X
∗
S are the liquid concentration and solid
concentration, respectively, on the interface.
Solution (15) gives condition for complete solute trap-
ping with the finite velocity V ≥ VD. This is expressed
by the expression for the solute partitioning function
k(V ) = X∗S/X
∗
L 6= 1, V < VD,
k(V ) = 1, X∗S = X
∗
L, V ≥ VD. (16)
The latter condition in Eq. (16) defines equality of con-
centration in the phases and leads to complete solute
trapping.
To obtain the explicit form for the solute partitioning
function (16), we analyze the balance of diffusion fluxes
on the interface. Taking again the steady state regime
of solidification constant velocity, V , from the system (6)
and (11) one can obtain the following equations
dJ
dz
= V
dX
dz
, J = −D
d(∆µ)
dz
+ τDV
dJ
dz
, (17)
from which we get the single equation for the diffusion
flux J . This yields
J = −D
(
∂(∆µ)
∂X
)
−1
d(∆µ)
dz
+D
V 2
V 2D
dX
dz
. (18)
It has been taken into account the defined above thermo-
dynamic parameterD and the diffusion speed VD in bulk.
Defining the gradient of difference of chemical potentials
as d(∆µ)/dz = (∂(∆µ)/∂X)dX/dz, Eq. (18) gives
J = −D
(
∂(∆µ)
∂X
)
−1 [
1−
V 2
V 2D
]
d(∆µ)
dz
. (19)
This equation is a general expression for the steady dif-
fusion flux into the liquid from the interface. Within the
local equilibrium limit VD → ∞ one can obtain known
Fickian approximation that has been used previously for
analysis of solute trapping [25, 26].
Analytical solutions [27] for solidification under local
non-equilibrium diffusion show that the concentration in
both phases becomes equal to the initial (nominal) con-
centration and the diffusion flux is absent for V ≥ VD. It
is also given by Eq. (15). Therefore, in addition to Eq.
(19), one can finally obtain:
J = −D
(
∂(∆µ)
∂X
)
−1 [
1−
V 2
V 2D
]
d(∆µ)
dz
, V < VD;
J = 0, V ≥ VD. (20)
At the phase interface one assumes in Eq. (20), first,
that the term D((∂∆µ)/∂X)−1 is proportional to con-
centration such that
D
(
∂(∆µ)
∂X
)
−1
=
DIX
∗
L
RT
. (21)
Second, the chemical inhomogeneity (solutal segrega-
tion) exists due to the jump of the chemical potential
∆µ which has the interfacial gradient −d(∆µ)/dz ∼=
∆µ/W0 at a small distance W0 of the order of few in-
teratomic distances. Third, in approximation of ideal
(or even real) solutions, one can assume for the interfa-
cial difference of chemical potentials: ∆µ = ∆µL(X) −
∆µS(X) ∼= RT (lnXeL − lnX
∗
L) − RT (lnX
e
S − lnX
∗
S) =
RT ln(X∗S/X
∗
L)−RT ln(X
e
S/X
e
L) = RT (lnk(V )− ln ke),
where XeL and X
e
S are equilibrium concentrations on the
interface from the liquid phase and solid phase, respec-
tively, and k(V ) is the ratio of concentrations on the in-
terface defined by Eq. (16). Taking into account these
last evaluations, one can get for the chemical potential
gradient the following expression:
−
d(∆µ)
dz
∼=
RT
W0
ln
k(V )
ke
. (22)
Integration of the balance (17) on the interface gives
the flux
J = V (X∗L −X
∗
S). (23)
5Substituting Eqs. (21) and (22) into expression for diffu-
sion flux (20) with using balance (23) gives the following
expression for the solute partitioning function
[
1−
V 2
V 2D
]
ln
k(V )
ke
=
V
VDI
[1− k(V )], V < VD,
k(V ) ≡ X∗S/X
∗
L = 1, V ≥ VD, (24)
where VDI = DI/W0 is the speed for solute diffusion on
the interface.
Eq. (24) gives the evaluation of solute trapping effect
through the solute partitioning function k(V ) derived ini-
tially from the analysis of the evolution equation (7) for
the diffusion flux J . This equation takes into account
finite diffusion speeds on the interface and in bulk liquid.
Introduction these two speeds is a consequence of the
local non-equilibrium both on the interface and in bulk
liquid. As Eq. (24) shows, the complete solute trapping,
k(V ) = 1, proceeds at V = VD. Eq. (24) transforms
into previously known expression for the function k(V )
derived in Refs. [25, 26] with relaxing local equilibrium
on the interface and using local equilibrium in bulk liquid
(VD →∞) for the diluted binary system (X
∗
L << 1).
IV. SOLUTE PARTITIONING FUNCTION
We use a model of diffusion in which particles move
by diffusion jumps in random time between two phases
(states). This model was called as “two level’s model of
diffusion” and it was introduced in a context of various
application, e.g., in chromatography [28] or for a longi-
tudinal solute dispersion in a tube with flowing water
(Taylor’s dispersion) [29].
Let Pi(t, z) is the probability density of a particle po-
sition in the phase i = L or in the phase i = S at the
moment t. Then local conservation of the probability
density in a point with coordinate z belonging to the
phase i is defined by
∂Pi
∂t
= −
∂Ji
∂z
. (25)
If the interface moves with the velocity comparable with
the solute diffusion speed VD in bulk phases then the
flux Ji(t, z) of density probability depends on prehistory
of the diffusion process. The flux, therefore, is defined by
Ji(t, z) = −
∫ t
−∞
Di(t− t
∗)
∂Pi(t
∗, z)
∂z
dt∗. (26)
Relaxation function Di(t− t
∗) can be chosen in a form
Di(t − t
∗) = Di(0) exp(−(t − t
∗)/τD) of exponential de-
cay. In such case, Eq. (26) is reduced to the Maxwell-
Kattaneo equation
τD
∂Ji
∂t
+ Ji +Di(0)
∂Pi
∂z
= 0. (27)
It is accepted in Eq. (27) thatDi(0) is the diffusion coeffi-
cient at the final moment of relaxation prehistory so that
Di(0) = D. System (25) and (27) gives a single equation
of a hyperbolic type for the density of probability:
τD
∂2Pi
∂t2
+
∂Pi
∂t
= Di
∂2Pi
∂z2
, (28)
or for the flux
τD
∂2Ji
∂t2
+
∂Ji
∂t
= Di
∂2Ji
∂z2
. (29)
As it was shown in Ref. [30], the density of probability
described by Eq. (28) gives a positive entropy production
for the particle exchange between two levels (between two
subsystems or phases).
Integration of Eq. (28) by infinitesimal layer including
interface leads to the balance
[
Di
∂Pi
∂z
+ τD
∂(V Pi)
∂t
+ Ji
] ∣∣∣∣
L
S
= 0. (30)
In the steady-state regime one can get the following equa-
tion for the i-th phase
Di
∂Pi
∂z
+ τD
∂(V Pi)
∂t
+ Ji = Di
dPi
dz
− τDV
2
dPi
dz
+ Ji
= Di
(
1−
V 2
V 2Di
)
dPi
dz
+ Ji, (31)
which is true in a reference frame moving with the con-
stant velocity V and placed on the interface where the
balance (25) is described as dJi/dz = V dPi/dz. Using
Eq. (31), the balance (30) is
JL − JS
= −
[
DL
(
1−
V 2
V 2DL
)
dPL
dz
−DS
(
1−
V 2
V 2DS
)
dPS
dz
]
.
(32)
In Eq. (32) we introduce the speeds VDL and VDS
of interfacial solute diffusion from the liquid and solid
phases, respectively. They are defined by
VDL = DL/lD = νLlD, VDS = DS/lD = νSlD, (33)
where DL and DS are the diffusion coefficients in phases,
lD scale for diffusion within which the diffusion jumps
occur in phases (or on the interface), and νL and νS are
frequencies of diffusion hopes in phases (or on the inter-
face). From the theory of the transitive state [31] one
can define frequencies of atomic jumps as
νL = ν0 exp
(
−
QD
RT
)
,
νS = ν0 exp
(
−
QD +∆µ
′
RT
)
, (34)
6where ν0 is the attempt frequency of atomic hopes of the
order of the vibrational frequency [8, 32], QD the acti-
vation barrier for atomic diffusion through the interface,
and ∆µ′ is the difference of chemical potentials defined
by Eqs. (2) and (3). Obviously, interfacial equilibrium
exists for
νS/νL = exp[−∆µ
′/(RT )] ≡ ke. (35)
From the interfacial balance (32) there follows
JL − JS = −
(
1−
V 2
V 2DL
)
d
dz
[DLPL −DS(V )PS ] , (36)
where DS(V ) is the function of the interfacial velocity V
defined by
DS(V ) = DS
1− V 2/V 2DS
1− V 2/V 2DL
=


0, VDS << VDL,
DS , VDS ≈ VDL,
DS(1− V
2/V 2DL)
−1, VDS →∞.
(37)
The function (37) describes the following cases:
(a) VDS → 0: negligible diffusion in solid (DS = 0) in
comparison with the diffusion in liquid,
(b) VDS ≈ VDL: approximate equality for diffusion
speeds in the liquid and solid around the interface,
(c) VDS → ∞: condition of local equilibrium in the dif-
fusion field of the solid (that occurs with high frequency
hopes of atoms in solid).
From now on, the above case (b) for approximate
equality of diffusion speeds in phases around the inter-
face is taken. First, we use the finite difference −dx = lD
in the balance (32). Second, we take into account that
the factor (1− V 2/V 2DL) is related to the bulk diffusion.
Finally, using the definition (33), the balance (32) is de-
scribed by
JL − JS =
(
1−
V 2
V 2D
)
[VDLPL − VDSPS ], (38)
where VD is the solute diffusion speed in bulk liquid
around the interface. Using Eqs. (33), (34) and (35),
this balance can be rewritten as
JL − JS = VDL
(
1−
V 2
V 2D
)
[PL − kePS ]. (39)
For the concentrated binary system the probabilities
PL and PS in Eq. (39) are directly proportional to the
atomic concentrations in phases. This leads to
PL = XS(1−XL)/Ω, PS = XL(1−XS)/Ω, (40)
where Ω is the atomic volume. Therefore, Eq. (39) can
be rewritten as
JL − JS =
(
1−
V 2
V 2D
)
×[XS(1 −XL)− keXL(1 −XS)]
VDL
Ω
. (41)
We further use the already obtained result (20) according
to which the diffusion flux is absent at V ≥ VD. Then,
the difference (41) of fluxes on the interface takes the
following form
JL − JS =
(
1−
V 2
V 2D
)
×[XS(1−XL)− keXL(1−XS)]
VDL
Ω
, V < VD,
JL = JS , V ≥ VD. (42)
The net flux (42) must be equal to the diffusion flux
JD = (XL −XS)
V
Ω
. (43)
From equality of Eqs. (42) and (43) one gets
(XL −XS)
V
VDI
=
(
1−
V 2
V 2D
)
×[XS(1−XL)− keXL(1−XS)], V < VD,
XL = XS , V ≥ VD, (44)
in which VDI = VDL is the diffusion speed on the inter-
face from the liquid phase. Equation (44) can be easily
resolved regarding the function k(V ) = XS/XL of non-
equilibrium solute partitioning. This yields
k(V,X∗L)
=
(1− V 2/V 2D)ke + V/VDI
(1− V 2/V 2D)[1− (1− ke)X
∗
L] + V/VDI
, V < VD,
k(V,X∗L = X0) = 1, V ≥ VD, (45)
where X∗L is the solute concentration in the liquid at the
interface.
V. DISCUSSION AND COMPARISON WITH
EXPERIMENTAL DATA
Expression (45) gives the general functional depen-
dence of solute partitioning at the phase interface for
concentrated binary systems, and, with application to
rapid solidification, it exhibits the two known limits. In
the first limit, when solidification proceeds with the local
non-equilibrium at the interface only, i.e. with VD →∞,
Eq. (45) leads to the solute partitioning function of Aziz
and Kaplan [2]. In the second limit, as the concentration
X∗L of the second dissolved component becomes small,
i.e., the term (1 − ke)X
∗
L might be negligible in com-
parison with the unity, Eq. (45) transforms into Eq. (5)
suggested by Sobolev [21].
7FIG. 1: Predictions of the model given by Eq. (47). Con-
stants of a binary system are: equilibrium partition coefficient
is ke = 0.1, bulk diffusion speed is VD = 25 (m/s), and inter-
face diffusion speed is VDI = 20 (m/s). The curves present:
diluted system, (1 − ke)X0 << 1, (dotted); slightly concen-
trated system, X0 = 0.10, (dashed); concentrated system,
X0 = 0.25, (dashed-dotted); and equi-concentrated system,
X0 = 0.50, (solid).
From the analytical solution of the problem of rapid
solidification under steady-state regime [27], the concen-
tration at the planar interface is given by
X∗L =
X0
k(V )
, V < VD,
X∗L = X0, V ≥ VD, (46)
where X0 is the nominal (initial) concentration of the
solute in the system. In accordance with the solutions
obtained in Refs. [27], a source of concentration pertur-
bations, i.e. the solid-liquid interface, moving at the ve-
locity V equals to or higher than the maximum speed VD
of these perturbations, cannot change the concentration
nor create the concentration profile ahead of itself. As
a result for the interface, one obtains in Eq. (46) that
XL = XS = X0 with V ≥ VD. Then the substitution of
Eq. (46) into Eq. (45) leads to the following expression
for non-equilibrium solute partitioning function:
k(V,X0)
=
(1− V 2/V 2D)[ke + (1− ke)X0] + V/VDI
1− V 2/V 2D + V/VDI
, V < VD,
k(V,X0) = 1, V ≥ VD. (47)
Figure 1 demonstrates the behavior of solute partition-
ing, Eq. (47), as a function of the interface velocity at
FIG. 2: Non-equilibrium solute partitioning function k(V,X0)
given by the various models. Constants of a binary system
are: nominal concentration of a solute is X0 = 0.05 mole
fraction, equilibrium partition coefficient is ke = 0.22, bulk
diffusion speed is VD = 19 (m/s), and interface diffusion speed
is VDI = 16 (m/s). The dotted line is given by the model of
Aziz [13] for the diluted system, (1−ke)X0 << 1; the dashed
line is given by the model of Aziz and Kaplan [2]; the dashed-
dotted line is given by the model of Sobolev [21] for diluted
system; and the solid line is predicted by the present model
given by Eq. (47).
a various nominal solute concentration. As the system
deviates from the diluted one, the trapping of a solute
becomes much more pronounced. Also, Eq. (47) shows
that, independently from the solute concentration within
the system, the complete solute trapping, k(V,X0) = 1,
proceeds when the interface velocity becomes equal to or
greater than the diffusion speed, i.e. with V ≥ VD. The
condition of equality of concentrations in the liquid and
solid [see Eqs. (44) and (45)] means that the lines of the
non-equilibrium kinetic liquidus and solidus in the kinetic
phase diagram are merging. It can also be considered as
the characteristics of diffusionless process.
As a general outcome, Eq. (47) includes the follow-
ing important cases for non-equilibrium phase transfor-
mations: (i) dilute limit described by Aziz’s model [13],
Eq. (4),
(1− ke)X0 << 1, and VD →∞,
(ii) dilute limit described by the Sobolev’s solute parti-
tioning function, Eq. (5),
(1− ke)X0 << 1, and with the finite VD,
(iii) the concentrated system described by the Aziz and
Kaplan’s model, Ref. [2],
VD →∞, for arbitrary concentration X0.
8FIG. 3: Solute partitioning versus interface velocity for exper-
imental data [33, 34] on solidification of Si-As alloys. Curves
1′ and 2′ are given by Eq. (47) with VD → ∞ for 4.5 at.%
and 9.0 at.% of As in Si, respectively (that gives the model of
Azis and Kaplan [2]). They describe experiment at small and
moderate solidification velocities. Curves 1 and 2 are given by
(47) with the finite speed VD for 4.5 at.% and 9.0 at.% of As
in Si, respectively. These show ability to describe experiment
in a whole region of investigated solidification velocities for
both alloys. Data for calculations are given in Table I.
In comparison with the present model’s prediction de-
scribed by Eq. (47) these limits are plotted in Fig. 2.
Figure 3 exhibits theoretical predictions for solute par-
titioning in comparison with experimental data on solid-
ification of Si-As alloys. Introducing the deviation from
equilibrium both at the interface and bulk liquid allows
one to describe the whole set of experimental data. Par-
ticularly, the complete solute trapping is predicted by
Eq. (47) for Si-4.5 at.%As with VD = 2.5 m/s and for
Si-9.0 at.%As with VD = 2.1 m/s (Table I). This pro-
vides a much better agreement with experiments than
that shown by Aziz and Kaplan model.
As it can be seen in Fig. 3, predictions of the model of
Azis and Kaplan [Eq. (47) with VD →∞] disagree with
experimental data in the region 1.7 < V (m/s)< 2.2 of
solidification velocities. One may note that at the same
solidification velocity, i.e. below about V = 2 (m/s), the
”interface temperature - velocity” relationship also ex-
hibits a clear deviation from experimental data (see Fig.
11 in Ref. [34]). One may also attribute this deviation
to the increasing influence of local non-equilibrium so-
lute diffusion around the interface and intensive solute
trapping. Thermodynamic analysis and numeric evalua-
tions confirm the idea about pronounced influence of local
equilibrium in bulk liquid on solute trapping and ”inter-
face temperature - velocity” relationship at high solidifi-
cation velocity [22, 35]. This example confirms that local
non-equilibrium in solute diffusion field is responsible for
non-equilibrium effects appearing in rapid solidification
(such as solute trapping and solute drag) and essential
influence on the interface response functions (tempera-
ture, concentration, velocity) [35]. Thus, the agreement
between Eq. (47) and experimental data demonstrates
the pronounced effect of deviation from local equilibrium
in bulk liquid on solute trapping at higher solidification
velocity.
Summarizing the behavior for solute partitioning
shown in Figs. 1-3, one can conclude that during rapid
solidification the consequences of deviations from local
chemical equilibrium are threefold. First, the partition
coefficient becomes dependent on the growth velocity.
Second, the liquidus and solidus lines approach each
other. For these two cases can be enough to introduce
into the theory deviation from local equilibrium at the
interface only. Third, in the extreme case (if the solid-
ification velocity is equal to or greater than the atomic
diffusive speed in bulk liquid) the partition coefficient
k(V ) becomes unity and the liquidus and solidus lines
coincide. This leads to a solid being far from chemical
equilibrium upon diffusionless solidification. Such three
conditions are of special importance in the preparation
of metastable supersaturated solutions [15].
VI. CONCLUSIONS
Solute trapping in rapid solidification of a binary al-
loy’s system has been considered. It has been shown
that the condition for the complete solute trapping lead-
ing to the diffusionless solidification follows directly from
the solution for the diffusion task. This task assumes
both low-frequency regime (purely diffusion) and high-
frequency regime (diffusion and propagative regime) of
atomic motion in phenomenological statement.
The two level model has been used to define the solute
partitioning function. This model has been used previ-
ously (e.g., in chromatography and for investigation of
longitudinal solute dispersion) and it has been formally
reduced to expressions for extended version of the con-
tinuous growth model. The extended version adopts two
kinetic parameters: solute diffusion speed VDI on the in-
terface and solute diffusion speed VD in bulk liquid.
A condition of complete solute trapping at the finite so-
lidification velocity equal to the diffusion speed, V = VD,
has been found. This fact is expressed by the general ex-
pression (16) for solute partitioning function. This condi-
tion defines equality of concentration in the phases and
describes the complete solute trapping. Analysis leads
to concrete forms for the solute partitioning function.
The first function is given by Eq. (24) and the second
function for solute partitioning is described by Eq. (45).
These both functions predict the sharp finishing of solute
trapping and the onset of diffusionless crystal growth at
the solidification velocity V equal to the solute diffusion
speed VD in bulk liquid. The concrete expression for
liquid concentration X∗L at the interface allows to give
predictions comparable with experimental data.
9TABLE I: Interface diffusion speed VDI and bulk diffusion speed VD for binary systems used in the calculations of the partitioning
function k(V,X0) at the solid-liquid planar interface. Equilibrium partition coefficient is taken as ke=0.3 from Refs. [33, 34].
Model Binary System VDI (m/s) VD (m/s) Reference
Aziz and Kaplan’s model, Ref. [2] Si - 4.5 at.% As 0.46 – Ref.[33]
0.37 – Ref.[34]
Aziz and Kaplan’s model, Ref. [2] Si - 9 at.% As 0.46 – Ref.[33]
0.37 – Ref.[34]
Sobolev’s solute partitioning function, Eq. (5) Si - 4.5 at.% As 0.75 2.7 Ref.[21]
and Si - 9 at.% As
Present model, Eq. (47) Si - 4.5 at.% As 0.8 2.5 current data
Si - 9 at.% As 0.8 2.1 Ref.[22]
The model predicts the complete behavior for the so-
lute partitioning function dependent on solidification ve-
locity and alloy’s concentration. In comparison with ex-
perimental data of Aziz et al. on solidification of Si-As
alloys, the model well predicts deviation of the solute
partitioning from equilibrium and the complete solute
trapping (Fig. 3). The transition from chemically par-
tition growth to diffusionless growth at V = VD occurs
sharply. As it has been shown for dendritic growth [36]
such sharp transition leads to the abrupt exchange of
growth kinetics in consistency with experimental data.
Acknowledgments
Author thanks Prof. Dieter Herlach and Prof. Dmitri
Temkin for numerous useful discussions. This work
was performed with support from the German Research
Foundation (DFG - Deutsche Forschungsgemeinschaft)
under the project No. HE 1601/13.
[1] J.C. Baker and J.W. Cahn, Acta Metall. 17, 575 (1969);
in Solidification, edited by T.J. Hughel and G.F. Bolling
(American Society of Metals, Metals Park, OH, 1971)
p.23.
[2] M.J. Aziz and T. Kaplan, Acta Metall. 36, 2335 (1988).
[3] W.T. Olsen and R. Hultgren, Transactions AIME, 188
1323 (1950); P. Duwez, R.H. Willens, and W. Klement
(Jr.) J. Appl. Phys. 31, 1136 (1960).
[4] H. Biloni and B. Chalmers, Transactions AIME 233, 373
(1965).
[5] I.S. Miroshnichenko, Quenching From the Liquid State
(Metallurgia, Moscow, 1982).
[6] K. Eckler, R.F. Cochrane, D.M. Herlach, B. Feuerbacher,
and M. Jurisch, Phys. Rev. B 45, 5019 (1992).
[7] P. Galenko and D. Herlach, Phys. Rev. Lett. 96, 150602
(2006).
[8] A.A. Chernov, in Modern Crystallography , edited by M.
Cardona, P. Fulde and H.-J. Queisser, Springer Series
in Solid-State Science Vol.36 (Springer, Berlin, 1984),
Vol.III, Chap.4.
[9] R.N. Hall, J. Phys. Chem. 57, 836 (1953).
[10] A.A. Chernov, Sov. Phys. Uspekhi 13, 101 (1970).
[11] A.A. Chernov, in Rost Kristallov , edited by A.V. Shub-
nikov and N.N. Sheftal, Vol.3 , (Akad. Nauk SSSR,
Moscow, 1959) [English translation: ”Growth of Crys-
tals”, vol.3 (Consultants Buro, New York, 1962) p.35];
V.V Voronkov and A.A. Chernov, Sov. Phys. Crystal-
logr. 12, 186 (1967).
[12] J.C. Brice, in The Growth of Crystals from the Melt
(North-Holland, Amsterdam, 1965), p. 65; K.A. Jack-
son, G.H. Gilmer, and H.J. Leamy, in Laser and Electron
Processing of Materials, edited by C.W. White and P.C.
Peercy. (Academic Press, New York, 1980), p. 104; R.F.
Wood, Appl. Phys. Lett. 37, 302 (1980); D.E. Temkin,
Sov. Phys. Crystallogr. 32(6), 782 (1988).
[13] M.J. Aziz, J. Appl. Phys. 53, 1158 (1982).
[14] M.J. Aziz and W.J. Boettinger, Acta Metall. Mater. 42,
527 (1994); M.J. Aziz, Metall. Mater. Trans 27A, 671
(1996).
[15] D. Herlach, P. Galenko, and D. Holland-Moritz,
Metastable Solids From Undercooled Melts (Elsevier, Am-
sterdam, 2007).
[16] S.J. Cook and P. Clancy, J. Chem. Phys. 99, 2175 (1993).
[17] A. Wheeler, W.J. Boettinger, and G.B. McFadden, Phys.
Rev. E 47, 1893 (1993); W.J. Boettinger, A.A. Wheeler,
B.T. Murray, and G.B. McFadden, Mater. Sci. Eng. A
178, 217 (1994).
[18] J. C. Baker and J. W. Cahn, Solidification (ASM, Metals
Park, Ohio, 1971), p. 23.
[19] A. Karma, Phys. Rev. Lett. 87, 115701 (2001); J.J. Hoyt,
M. Asta, and A. Karma, Mater. Sci. Eng. R 41(6), 121
(2003); J.C. Ramirez, C. Beckermann, A. Karma, and H.-
J. Diepers, Phys. Rev. E 69, 051607 (2004); B. Echebar-
ria, R. Folch, A. Karma, and M. Plapp, Phys. Rev. E 70,
061604 (2004).
[20] M. Conti, Phys. Rev. E 56, 3717 (1997).
[21] S.L. Sobolev, Phys. Stat. Sol. A 156, 293 (1996).
[22] P. Galenko, Phys. Rev. B 65, 144103 (2002).
[23] P. Galenko and D. Jou, Phys. Rev. E 71, 046125 (2005).
[24] D. Jou, J. Casas-Vazquez, and G. Lebon, Extended Irre-
10
versible Thermodynamics, 2nd Edition (Springer, Berlin,
1996).
[25] W. Kurz and D.J. Fisher, Fundamentals of Solidifica-
tion, 3rd ed. (Trans Tech Publications, Aedermannsdorf,
1992).
[26] N.A. Ahmad, A.A. Wheeler, W.J. Boettinger, and G.B.
McFadden, Phys. Rev. E 58, 3436 (1998).
[27] P. Galenko and S. Sobolev, Phys. Rev. E 55, 343 (1997);
P.K. Galenko and D.A. Danilov, J. Cryst. Growth 216,
512 (2000); Phys. Lett. A 272, 207 (2000); Phys. Rev. E
69, 051608 (2004).
[28] J.C. Giddings and H. Eyring, J. Phys. Chem. 59, 416
(1955); J.C. Giddings, J. Chem. Phys. 26, 169 (1955).
[29] G.I. Taylor, Proc. R. Soc. London Ser. A 219, 186 (1953);
ibidem 223, 446 (1954); Van Den C. Broeck, Physica A
186, 677 (1990).
[30] J. Camacho and M. Zakari, Phys. Rev. E 50, 4233 (1994).
[31] J.W. Christian, The Theory of Transformations in Met-
als and Alloys, 2nd Edition (Pergamon Press, Oxford,
1975), Part 1, Chapter 3.
[32] G.H. Vineyard, J. Chem. Phys. Solids 3, 121 (1957).
[33] J.A. Kittl, M.J. Aziz, D.P. Brunco, and M.O. Thompson,
J. Cryst. Growth 148, 172 (1995).
[34] J.A. Kittl, P.G. Sanders, M.J. Aziz, D.P. Brunco, and
M.O. Thompson, Acta Mater. 48, 4797 (2000).
[35] P. Galenko, Mater. Sci. Engn. A 375-377, 493 (2004).
[36] P.K. Galenko and D.A. Danilov, Phys. Lett. A 235, 271
(1997); J. Cryst. Growth 197, 992 (1999).
